Rules for integrands of the form u (e + fx)™ (a + bHyper[c + d x])P

(e+fx)"Hyper[c+dx]"
1.J dx
a+bSinh[c+dx]

(e+fx)"sinh[c+dx]"
1: j dx when (m | n) € Z*

a+bSinh[c+dx]

Derivation: Algebraic expansion

Basis; = .. &= _ _az"?

a+bz b b (a+b z)

Rule: If (m | n) € Z*, then

J~(e+1=x)"'sinh[c+dx]"dl 1 (e+Fx)"sinh[c+dx]"?

a
X — ;J(e+fx)msinh[c+dx]"‘1dlx—;J dx

a+bSinh[c +dx] a+bSinh[c +dx]

Program code:

Int [ (e_. +F_. *x_) Am_.*Sinh[c_.+d_.*x_] "n_./(a_+b_. *Sinh[c_.+d_.#*x_] ) ,x_Symbol] =
1/bxInt [ (e+fxx) mxSinh[c+d*x]~(n-1),x] - a/bsInt[ (e+fxx)~msSinh[c+d+x]”(n-1)/(a+bxSinh[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0]

Int[(e_.+f_.#x_)~m_.xCosh[c_.+d_.*x_]~n_./(a_+b_.*Cosh[c_.+d_.*x_]),x_Symbol] :=
1/b*Int[ (e+fxx) mxCosh[c+dxx]”(n-1),x| - a/b*Int[ (e+fxx) mxCosh[c+dxx]"(n-1)/ (a+bxCosh[c+d#x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,O]



Rules for integrands involving hyperbolic functions

(e+fx)"Cosh[c+dx]"
2. J dx when nez*

a+bSinh[c+dx]

(e+fx)"Cosh[c+dx]
1. J dx when me z*

a+bSinh[c+dx]

(e+fx)"Cosh[c+dx]
1:J dx when mez* A a2 +b%==0

a+bSinh[c+dx]

Derivation: Algebraic expansion

Basis: If a2 + b2 = Q,then —CeshlzL_ _ 1 __2__ 1, 2e°
a+b Sinh[z] b b-ae? b a+b e?
BaS|S: |f az—b2 == @,thenM—:l— 2 ==—l+i
a+b Cosh[z] b b+a e? b a+b e?

Note: Although the first expansion is simpler, the second is used so the antiderivative will be expressed in terms of ec+dx
rather than e-(+40,

Rule:If me z* A a2 + b? == 9, then

(e+fx)"Cosh[c+dx] (e+{:x)'""1 (e+Fx)"ecrdx
j dx +2j dx

— -
a+bSinh[c +dXx] bf (m+1)

a+bec+dx

Program code:

Int[(e_.+f_.#«x_)~m_.xCosh[c_.+d_.*x_]/(a_+b_.*Sinh[c_.+d_.*x_]),x_Symbol] :=
- (e+-F*x) n (m+1)/(b*-F* (m+1) ) + 2xInt [ (e+-F*x) Am*E” (c+d*X) / (a+b*xE” (c+d*X) ) ,X] /5
FreeQ[{a,b,c,d,e,f},x]| && IGtQ[m,0] && EqQ[a"2+b"2,0]

Int[(e_.+f_.#x_)"m_.xSinh[c_.+d_.*x_]/(a_+b_.*Cosh[c_.+d_.*x_]),x_Symbol] :=
- (e+fxx) A (me1) /(bafx (m+l)) + 2+Int[ (e+Fxx) msE~ (c+dxx)/ (a+b*E~ (c+dxx)),Xx] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && EqQ[a"2-b"2,0]



Rules for integrands involving hyperbolic functions

(e+fx)"Cosh[c+dx]
Z:J dx when mez* A a2 +b?#0

a+bSinh[c+dx]

Derivation: Algebraic expansion

jg: —Coshfz1 1 =_i s -
Basis: C;_:!‘; =1 L - 1 = -1, e . e
a+bSinh[z] b_[ -1/ a2+b? ] e? b—[ +\ a2+b? ) e? a-1\ a2+b? +be? a+\ a2+b? +be?

. : z z
Basis: —f—l—?:h: ﬁ- L - L = §+ - + £
a+b Cosh(z] b+ [a— a?-p? ] e be [a a?-b? J e a-\a?-b? sbe?  ar\ at-b? sbe?

Note: Although the first expansion is simpler, the second is used so the antiderivative will be expressed in terms of ec+dx
rather than e-(+e0,

Rule:If me z* A a? + b%? # @, then

(e+fx)"Cosh[c+dx] (e+-Fx)'"+1 (e+Fx)"ec+dx (e+Fx)"ec+dx
J - dx — - +J le+J dx
a+bSinh[c +dx] bf (m+1) a-+VaZ+b? + b ec+dx a+VaZ+b? + b ec+dx

Program code:

Int[(e_.+f_.#x_)"m_.«Cosh[c_.+d_.+x_]/(a_+b_.#Sinh[c_.+d_.#x_]),x_Symbol] :
- (e+-F*x) 2 (m+1)/(b*f* (m+1) ) +
Int[ (e+fxx) mxE~ (c+dx) / (a-Rt[a"2+b"2,2] +b*E~ (c+dxX)) ,x] +
Int[ (e+fxx) mxE” (c+dxx) / (a+Rt [a"2+4b"2,2] +b+E (c+d*x)) ,X] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[a"2+b"2,0]

Int[(e_.+f_.#x_)"m_.«Sinh[c_.+d_.*x_]/(a_+b_.«Cosh[c_.+d_.x_]),x_Symbol] :
- (e+‘F*x) A (m+1)/(b*f* (m+1) ) +
Int[ (e+fxx) m+E~ (c+dx) / (a-Rt[a"2-b"2,2] +b*E~ (c+dxX)) ,x] +
Int[ (e+fxx) mxE” (c+dxx) / (a+Rt [a"2-b"2,2] +b+E (c+d*X)) ,X] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[a"2-b"2,0]



Rules for integrands involving hyperbolic functions

dx whenn-1€ez*

" (e+fx)"Cosh[c+dx]"
'J~ a+bSinh[c+dx]

dx whenn-1€ezZ*A a2 +b%2==0

. (e+fx)"Cosh[c+dx]"
'JN a+bSinh[c+dx]

Derivation: Algebraic expansion

Basis: If a2 + b2 == @, then —Ceshizl’_ _ 1, sinh[z]

a+bSinh[z] a b
Basis: If a2 - b% == 9, then —sinh{z1® . _ 1 Coshz)
a+b Cosh[z] a b

Rule:If n-1€2z* A a% + b? == 9, then

(e+fx)'"Cosh[c+dx]" 1 1
J dx — —J(e+fx)'"Cosh[c+dx]"'2d1x+ ;J(e+-Fx)'"Cosh[c+dx]"'ZSinh[c+dx] dx

a+bSinh[c+dXx] a

Program code:

Int[(e_.+f_.+x_)"m_.xCosh[c_.+d_.*x_]~n_/(a_+b_.xSinh[c_.+d_.*x_]),x_Symbol] :
1/a*Int[ (e+fxx) mxCosh[c+d*x]"(n-2),x]| +
1/b+Int[ (e+fxx) mxCosh[c+dxx]”(n-2) «Sinh[c+d*x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[n,1] & EqQ[a"2+b"2,0]

Int[(e_.+f_.#x_)"m_.+Sinh[c_.+d_.*x_]~n_/(a_+b_.xCosh[c_.+d_.*x_]),x_Symbol] :
-1/a*Int[(e+-F*x) Am*Sinh[c+dxXx]” (n-2) ,x] +
1/b*Int[ (e+fxx) mxSinh[c+d»x] " (n-2) «Cosh[c+d*x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[n,1] & EqQ[a"2-b"2,0]



Rules for integrands involving hyperbolic functions

dx whenn-1e€Z*A a2 +b?2#0 A mez*

X (e+fx)"Cosh[c+dx]"
' J a+bsinh[c+dx]

Derivation: Algebraic expansion

Basis: —Ceshzi® __ _a  sinh{z] | a2ub?
. a+b Sinh[z] b? b b? (a+b Sinh[z])
Basis: -Sinhizl® _ _ 2  Coshiz]  _ a’-p2
. a+b Cosh[z] b? b b? (a+b Cosh[z])

Rule:lf n-1e€zZ*A a2+b%?+0 A me 2z, then

J-(e+-Fx)'"Cosh[c+dx]"
dx —

a+bSinh[c+dx]

a 1 a2+b? ~(e+fx)"Cosh[c+dx]"?
_—J(e+fx)'"Cosh[c+dx]“'2dlx+—J(e+fx)'"Cosh[c+dx]"‘zsinh[c+dx] dx + J. dx
b2 b b2 a+bSinh[c+dx]

Program code:

Int[(e_.+f_.#x_)"m_.xCosh[c_.+d_.*x_]~n_/(a_+b_.xSinh[c_.+d_.*x_]),x_Symbol] :
-a/b"2+Int [ (e+fxx) mxCosh[c+d*x]~(n-2),x]| +
1/b*Int[ (e+fxx) mxCosh[c+dxx]”(n-2) «Sinh[c+d*x],x] +
(a%2+b~2) /b~2+Int[ (e+fxx) *mxCosh[c+dxx]~ (n-2) / (a+bxSinh[c+d#x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[n,1] && NeQ[a"2+b"2,0] 8&& IGtQ[m,O]

Int[(e_.+f_.#x_)m_.«Sinh[c_.+d_.+x_]*n_/(a_+b_.xCosh[c_.+d_.*x_]),x_Symbol] :
-a/b"2+Int [ (e+fxx) msSinh[c+d*x]~(n-2),x] +
1/b+Int[ (e+fxx) m«Sinh[c+d»x]” (n-2) «Cosh[c+dxx],x] +
(a*2-b*2) /b*2xInt [ (e+fxx) *mxSinh[c+d#x]" (n-2) /(a+bxCosh[c+dx]) x| /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[n,1] && NeQ[a"2-b"2,0] && IGtQ[m,O]



Rules for integrands involving hyperbolic functions

e+fx)"Tanh[c+dx]"
3:J

dx when (m | n) ez*
a+bSinh[c+dx]

Derivation: Algebraic expansion

BaSiS' Tanh[z]P __ Sech[z] Tanh[z]P? _ aSechfz] Tanh[z]P!

a+b Sinh[z] b b (a+b Sinh[z])

Rule:If (m | n) € z*,then

1 m a (e+fx)m5ech[c+dx] Tanh[c +dx]"?
dx — —j(e+fx) Sech[c+dx]Tanh[c+dx]“‘1&x__j ix
’ b a+bsinh[c+dx]

(e+fx)"Tanh[c+dx]"
.J. a+bSinh[c+dx]

Program code:

Int[(e_.+f_.#«x_)~m_.«Tanh[c_.+d_.*x_]*n_./(a_+b_.+Sinh[c_.+d_.+x_]),x_Symbol] :=
1/b*Int[ (e+fxx) mxSech[c+d»x]*Tanh[c+d+x]~(n-1),x] - a/b*Int[(e+f*x)"m*5ech[c+d*x]*Tanh[c+d*x]"(n—1)/(a+b*sinh[c+d*x]),x] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,O]

Int[(e_.+f_.#x_)"m_.*Coth[c_.+d_.#x_]"n_./(a_+b_.*Cosh[c_.+d_.*x_]),x_Symbol] :=
1/b*Int[ (e+fxx) mxCsch[c+dsx] xCoth[c+d*x]~(n-1),x] - a/bxInt[(e+fxx) mxCsch[c+dxx]*Coth[c+d+x]~(n-1)/ (a+bxCosh[c+d*x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0]



Rules for integrands involving hyperbolic functions

e+fx)"Coth[c+dx]"
4:J

dx when (m | n) ez*
a+bSinh[c+dx]

Derivation: Algebraic expansion

. n n n-1
BaSIS- Coth[z] __ Cothfz] _ b Cosh[z] Coth[z]

a+b Sinh[z] a a (a+bSinh[z])

Rule:If (m | n) € z*,then

1 . b (e+fx)"Cosh[c+dx] Coth[c+dx]"*
dx — —j(e+fx) Coth[c+dx]"d1x——j dx
a a+bSinh[c+dx]

J~(e+fx)mCoth[c+dx]”

a+bSinh[c +dx] a

Program code:

Int[(e_.+f_.#x_)~m_.xCoth[c_.+d_.*x_]*n_./(a_+b_.+Sinh[c_.+d_.+x_]),x_Symbol] :=
1/a*Int[ (e+fxx) mxCoth[c+d*x]"n,x]| - b/a*Int[(e+-F*x)"m*Cosh[c+d*x]*Coth[c+d*x]"(n—1)/(a+b*sinh[c+d*x]),x] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,O]

Int[(e_.+f_.#x_)"m_.+Tanh[c_.+d_.#x_]"n_./(a_+b_.*Cosh[c_.+d_.*x_]),x_Symbol] :=
1/a*Int[ (e+fxx) m«Tanh[c+d*x]*n,x] - b/a*Int[(e+fxx)~m«Sinh[c+d«x]*Tanh[c+d*x]"(n-1)/ (a+bxCosh[c+d+x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0]



Rules for integrands involving hyperbolic functions

dx whenme z*

5 (e+fx)"sech[c+dx]"
'J~ a+bsSinh[c+dx]

(e+fx)"sech[c+dx]"
1:J dx when me z* A a®? +b? =20

a+bSinh[c +dx]

Derivation: Algebraic expansion

Basis: |f a2 4 b2 -0 then 1 .- Sech[z1®  Sech[z] Tanh[z]
: ’ a+bSinh[z] a b
Basis: If a2 —b? = 0. then 1 .- _ Csch[z]?  Cschlz] Coth[z]
: ’ a+b Cosh[z] a b

Rule:If me z* A a? + b? == @, then

(e+fx)'"Sech[c+dx]" 1 1
J dx — —J(e+fx)'"5ech[c+dx]"*2d1x+ —J(e+-Fx)'"Sech[c+dx]""1Tanh[c+dx] dx
a+bSinh[c +dx] a b

Program code:

Int[(e_.+f_.#x_)™m_.«Sech[c_.+d_.+x_]*n_./(a_+b_.xSinh[c_.+d_.*x_]),x_Symbol] :
1/a*Int[ (e+fxx) mxSech[c+d»x]" (n+2),x]| +
1/b+Int[ (e+fxx) mxSech[c+d»x]” (n+1) «Tanh[c+d*x],x] /;

FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & EqQ[a"2+b"2,0]

Int[(e_.+f_.#x_)™m_.«Cschc_.+d_.*x_]"n_./(a_+b_.xCosh[c_.+d_.*x_]),x_Symbol] :
-1/a*Int[(e+-F*x) AmxCsch[c+dxx]” (n+2) ,x] +
1/b*Int[(e+f*x)“m*Csch[c+d*x]A(n+1)*Coth[c+d*x],x] /3

FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & EqQ[a*2-b"2,0]



Rules for integrands involving hyperbolic functions

dx whenmezZ*A a2 +b%2#0 A nez*

" (e+fx)"sech[c+dx]"
'.[ a+bSinh[c+dx]

Derivation: Algebraic expansion

BaSiS' Sech[z]? . b2 + Sech[z]? (a-bSinh[z])
a+b Sinh[z] (a?+b?) (a+bSinh[z]) aZ+b?

BaSiS' Csch[z]? . b? + Csch[z]% (a-bCosh[z])
a+b Cosh[z] (a*-b?) (a+bCosh[z]) a?-b?

Rule:Ifme z* A a2+b%2+0@ A nezt, then

dx — dx +
a+bSinh[c +dx] a’ + b?

J~(e+fx)'"5ech[c+dx]" b2 J~(e+1‘x)"‘Sech[c+dx]"‘2 1

Program code:

Int [ (e_. +F_. *x_) Am_.*Sech[c_.+d_.*x_] "n_./(a_+b_. *Sinh[c_.+d_.#*x_] ) ,x_Symbol] 3
b2/ (a”2+b"2) +Int[ (e+fxx)"msSech[c+dxx]~ (n-2) /(a+bxSinh[c+dxx]),x] +
1/ (a"2+b~2) »Int [ (e+fxx) mxSech[c+d+x]nx (a-bxSinh[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[a"2+b"2,0] && IGtQ[n,0]

Int[(e_.+f_.#x_)"m_.*Csch[c_.+d_.#x_]"n_./(a_+b_.*Cosh[c_.+d_.#x_]),x_Symbol] :
br2/ (a"2-b"2) #Int [ (e+fxx) " mxCsch[c+dxx]~(n-2)/ (a+bxCosh[c+dxx]),x]| +
1/ (a*2-b"2) +Int [ (e+fx) msCsch[c+d+x] nx (a-bxCosh[c+d*x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[a"2-b"2,0] && IGtQ[n,0]

a+bSinh[c +dx] a + b?

j(e+fx)'"$ech[c+dx]" (a-bsinh[c+dx]) dx



Rules for integrands involving hyperbolic functions

e+fx)"Csch[c+dx]"
G:J

dx when (m | n) ez*
a+bSinh[c+dx]

Derivation: Algebraic expansion

i " n n-1
Basis: —Cschlzl® __ Cschiz]® _bCschlz]

a+b Sinh[z] a a (a+bSinh[z])

Rule:If (m | n) € z*,then

(e+fx)"Cschc+dx]"?

(e+fx)"Csch[c+dx]" 1 . b
j dx — —j(e+fx) Csch[c+dx]"d1x——j

a+bSinh[c+dx] a a a+bSinh[c+dx]

Program code:

Int[(e_.+f_.#x_)~m_.xCsch[c_.+d_.*x_]*n_./(a_+b_.+Sinh[c_.+d_.+x_]),x_Symbol] :=
1/a*Int[ (e+fxx) mxCsch[c+dxx]”n,x]| - b/a*Int[(e+-F*x)"m*Csch[c+d*x]"(n—1)/(a+b*sinh[c+d*x]),x] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,O]

Int[(e_.+f_.#x_)"m_.+Sech[c_.+d_.#x_]"n_./(a_+b_.*Cosh[c_.+d_.*x_]),x_Symbol] :=
1/a*Int[ (e+fxx) mxSech[c+d*x]”n,x] - b/a*Int[(e+fxx)~m«Sech[c+dxx]”(n-1)/ (a+bxCosh[c+d+x]),x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0]

dx

10



Rules for integrands involving hyperbolic functions

e+-Fx Hyper[c +d x]"
u: J dx

a+bSinh[c+dx]

Rule:

J-(e+fx)'"Hyper'[c+dx]" (e+Fx)"
dx —>J

a+bSinh[c+dx]

Program code:

Int[(e_.+f_.sx_)™m_.«F_[c_.+d_.+x_]"n_./(a_+b_.+Sinh[c_.+d_

Unintegrable[ (e+fxx) mxF [c+dxx]"n/(a+bxSinh[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & HyperbolicQ[F]

Int[(e_.+f_.#x_)"m_.#F_[c_.+d_.*x_]"n_./(a_+b_.xCosh[c_.+d
Unintegrable[ (e+fx)~m«F [c+dxx]~n/ (a+bxCosh[c+d*x]),Xx] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & HyperbolicQ[F]

Hyper[c +dx]"

a+bSinh[c +dx]

.*X_]) ,x_Symbol]

_-*X_]) ,x_Symbol]

dx

11



Rules for integrands involving hyperbolic functions

" (e +fx)"Hyperi[c +dx]"Hyper2[c +dx]"
. dx
J a+bSinh[c+dx]
(e+fx)"Cosh[c+dx]PSinh[c+dx]"
1:j dx when (m | n | p) ez*
a+bSinh[c +dx]

Derivation: Algebraic expansion

Basis: 2 .. &% _ _az"?
a+bz b b (a+b z)
Rule:If (m | n | p) €z*, then
a (e+fx)"Cosh[c+dx]PSinh[c+dx]"?
j a+bSinh[c +dx]

(e+fx)"Cosh[c+dx]PSinh[c+dx]" 1 .
dx — ;I(ewfx) Cosh[c +dx]PSinh[c +dx]"*dx - .

.J- a+bSinh[c +dXx]

Program code:

Int[(e_.+f_.4x_)m_.xCosh[c_.+d_.*x_] p_.*Sinh[c_.+d_.*x_]~n_./(a_+b_.+Sinh[c_.+d_.+x_]),x_Symbol] :

1/bxInt [ (e+fxx) mxCosh[c+dxx]"pxSinh[c+dxx]"(n-1),x] -
a/bxInt[ (e+fxx) mxCosh[c+dxx] p*Sinh[c+d+x]~(n-1) /(a+bxSinh[c+d*x]),x] /;

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]

Int[(e_.+f_.#x_) m_.+Sinh[c_.+d_.#x_]~p_.*Cosh[c_.+d_.*x_]"n_./(a_+b_.*Cosh[c_.+d_.*x_]),x_Symbol] :

1/b+Int[ (e+fxx) m«Sinh[c+d»x]*p*Cosh[c+d+x]*(n-1),x] -
a/b+Int [ (e+fxx)~m«Sinh[c+dxx] pxCosh[c+d»x]* (n-1)/ (a+bxCosh[c+dxx]),x] /;

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0] & IGtQ[p,0]

dx

12



Rules for integrands involving hyperbolic functions

X (e+fx)"sinh[c+dx]P Tanh[c +dx]"
'.f a+bSinh[c+dx]

Derivation: Algebraic expansion

Tanh[z]P

Basis; —fanhrzl? . -

aTanh[z]P

a+b Sinh[z] b Sinh[z]

Rule:If (m | n|p) ez, then

bSinh[z] (a+bSinh[z])

J-(e+-Fx)'"Sinh[c+dx]PTanh[c+dx]"

a+bSinh[c +dx]

Program code:

Int[(e_.+f_.4x_)~m_.«Sinh[c_.+d_.*x_]*p_.*Tanh[c_.+d_.*x_]~n_./(a_+b_.+Sinh[c_.+d_.+x_]),x_Symbol] :

dx when (m | n|p) ez*

1

dx — EJ(e+fx)"'$inh[c+dx]p‘1Tanh[c+dx]"d1x—

1/b*Int[ (e+fxx) mxSinh[c+d»x]” (p-1) «Tanh[c+d*x]*n,x]| -
a/bxInt [ (e+'F*x) AmxSinh[c+d*Xx]” (p-1) *Tanh[c+dxXx] "n/(a+b*Sinh [c+dxX] ) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]

Int[(e_.+f_.#x_)"m_.«Cosh[c_.+d_.#x_]~p_.*Coth[c_.+d_.*x_]"n_./(a_+b_.*Cosh[c_.+d_.*x_]),x_Symbol] :

1/bxInt [ (e+fxx) mxCosh[c+dxx]* (p-1) xCoth[c+dx]"n,x] -
a/b+Int [ (e+fxx)~mxCosh[c+dxx]”(p-1) xCoth[c+d#x]~n/ (a+bxCosh[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]

(e+fx)"sech[c+dx]PTanh[c +dx]"
J a+bSinh[c+dx]

Derivation: Algebraic expansion

dx when (m | n| p) ez*

aSech[z] Tanh[z]P?!

BaSIS. Tanh[z]P __ Sech[z] Tanh[z]P' _
: a+bSinh[z] b

Rule:If (m | n|p) ez, then

b (a+bSinh[z])

a

o)

(e+fx)"sinh[c+dx]P* Tanh[c +dx]"

dx
a+bSinh[c +dx]

13



Rules for integrands involving hyperbolic functions

(e+fx)"sech[c+dx]PTanh[c +dx]"
J a+bSinh[c+dx]

Program code:

Int[(e_.+f_.#x_)~m_.«Sech[c_.+d_.*x_]*p_.*Tanh[c_.+d_.*x_]~n_./(a_+b_.+Sinh[c_.+d_.#x_]),x_Symbol] :
1/b*Int[ (e+fxx) mxSech[c+d»x]” (p+1) #Tanh[c+d*x]~(n-1),X]| -
a/bxInt[ (e+fxx) msSech[c+d+x]~ (p+1) *Tanh[c+d*x]~ (n-1) / (a+bxSinh[c+d+x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,0]

Int[(e_.+Ff_.#x_)"m_.*Cschc_.+d_.#x_]"p_.*Coth[c_.+d_.#x_]*n_./(a_+b_.*Cosh[c_.+d_.*x_]),x_Symbol] :
1/b*Int[ (e+fxx) mxCsch[c+d»x]” (p+1) «Coth[c+d*x]~(n-1),x]| -
a/bsInt [ (e+fxx)~msCsch[c+d«x]~ (p+1) xCoth[c+d+x]~ (n-1) / (a+bxCosh[c+dxx]),X] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0] && IGtQ[p,0]

(e+fx)"Cosh[c+dx]PCoth[c+dx]"
4:J dx when (m | n|p) ez*

a+bSinh[c +dx]

Derivation: Algebraic expansion

a+b Sinh[z] a a (a+b Sinh[z])

BaSIS- Cothf[z]" __ Coth[z]" _ bcCosh[z] Coth[z]"™?

Rule:If (m | n|p) ez, then

J~(e+-Fx)"'Cosh[c+dx]PCoth[c+dx]" 1

a+bSinh[c+dXx] a

Program code:

1 a
dx — ;J(e+fx)m5ech[c+dx]"*1Tanh[c+dx]"‘1d1x— EJ

14

(e+fx)"sech[c+dx]P*Tanh[c +dx]"*

dx
a+bSinh[c +dx]

(e+fx)"Cosh[c+dx]P* Coth[c+dx]"?

b
dx — —J(e+fx)"'Cosh[c+dx]"Coth[c+dx]“d1x——f
a

dx
a+bSinh[c+dx]

Int[(e_.+f_.#x_)"m_.xCosh[c_.+d_.*x_]*p_.#Coth[c_.+d_.+x_]"n_./(a_+b_.*Sinh[c_.+d_.*x_]),x_Symbol] :=

1/a*Int[ (e+fxx) mxCosh[c+d»x] pxCoth[c+d+x] n,x] -

b/axInt[ (e+fxx) mxCosh[c+d*x]* (p+1) +Coth[c+dx]~(n-1) /(a+bxSinh[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]



Rules for integrands involving hyperbolic functions

Int[(e_.+f_.#x_) m_.«Sinh[c_.+d_.+x_]~p_.*Tanh[c_.+d_.*x_]"n_./(a_+b_.*Cosh[c_.+d_.+x_]),x_Symbol] :=
1/a*Int[ (e+fxx) mxSinh[c+d»x] " pTanh[c+d+x]*n,x] -
b/axInt[ (e+fxx) m«Sinh[c+d»x]~ (p+1) «Tanh[c+d+x]~(n-1) / (a+bxCosh[c+dxx]),x]| /;

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]

(e+fx)"Csch[c+dx]PCoth[c+dx]"
S:J dx when (m | n|p) ez*

a+bSinh[c+dXx]

Derivation: Algebraic expansion

Basis. Coth[z]" - Coth[z]" _ b Coth[z]"

a+b Sinh[z] a aCsch[z] (a+bSinh[z])

Rule:If (m | n | p) ez*, then

dx

(e+fx)"Csch[c+dx]PCoth[c+dx]" 1 . b (e+fx)"Csch[c+dx]P*Coth[c+dx]"
J dx — —J(ewa) Csch[c+dx]pCoth[c+dx]"d]x——J
a+bSinh[c +dx]

a+bSinh[c+dx] a a

Program code:

Int[(e_.+f_.#x_)™m_.xCsch[c_.+d_.*x_]*p_.*Coth[c_.+d_.*x_]~n_./(a_+b_.+Sinh[c_.+d_.+x_]),x_Symbol] :
1/axInt [ (e+fxx) mxCsch[c+dxx]"pxCoth[c+dxx]"n,x] -
b/axInt[ (e+fxx) mxCsch[c+d*x]~ (p-1) Coth[c+d«x]~n/(a+bxSinh[c+dxx]),x] /;

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]

Int[(e_.+f_.#x_)~m_.+Sech[c_.+d_.#x_]~p_.*Tanh[c_.+d_.*x_]"n_./(a_+b_.*Cosh[c_.+d_.*x_]),x_Symbol] :
1/a*Int[ (e+fxx) mxSech[c+d»x] pxTanh[c+d+x]*n,x] -
b/axInt[ (e+fxx) mxSech[c+dxx]" (p-1) «Tanh[c+dxx]*n/ (a+bxCosh[c+d*x]),x]| /;

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0] & IGtQ[p,O]



Rules for integrands involving hyperbolic functions

6 (e+fx)"sech[c+dx]PCsch[c+dx]"
'J a+bSinh[c+dx]

dx when (m | n|p) ez*

Derivation: Algebraic expansion

BaSiS' Csch[z]® __ Csch[z]" _ bCsch[z]"-

a+b Sinh[z] a a (a+bSinh[z])

Rule:If (m | n|p) ez, then

J-(e+fx)'"Sech[c+dx]PCsch[c+dx]“ 1

a+bSinh[c+dx]

Program code:

Int[(e_.+f_.4x_)*m_.«Sech[c_.+d_.*x_]"p_.*Csch[c_.+d_.*x_]~n_./(a_+b_.+Sinh[c_.+d_.+x_]),x_Symbol] :

dx — —J(e+fx)'"5ech[c+dx]”Csch[c+dx]"d1x—
a

1/a*Int[ (e+fxx) "mxSech[c+d»x] pxCsch[c+d+x] n,x] -
b/axInt [ (e+'F*x) AmxSech[c+dxx]*pxCsch[c+dxx] " (n—1)/(a+b*Sinh [c+dxx] ) ,x] /3

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0]

Int[(e_.+f_.#x_) m_.«Csch[c_.+d_.«x_]"p_.*Sech[c_.+d_.*x_]"n_./(a_+b_.*Cosh[c_.+d_.*x_]),x_Symbol] :

&& IGtQ[n,0] && IGtQ[p,0]

1/axInt [ (e+fxx) mxCsch[c+dxx]"pxSech[c+dxx]"n,x] -
b/axInt[ (e+fxx) mxCsch[c+dxx] pxSech[c+d+x]~(n-1)/ (a+bxCosh[c+d»x]),x]| /;

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0]

8& IGtQ[n,0] && IGtQ[p,0]

b

g

a

(e+fx)"sech[c+dx]PCschlc+dx]"?

a+bSinh[c +dx]

dx
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Rules for integrands involving hyperbolic functions

(e + fx)"Hyperl[c +dx]"Hyper2[c +dx]P?
u: J dx

a+bSinh[c +dx]

Rule:

J-(e+-Fx)mHyper1[c+dx]"Hyper2[c+dx]p (e +fx)"Hyperi[c +dx]"Hyper2[c +dx]P
dx —>J dx

a+bSinh[c +dx] a+bSinh[c +dx]

Program code:

Int[(e_.+f_.sx_)™m_.«F_[c_.+d_.#x_]"n_.+G_[c_.+d_.+x_]"p_./(a_+b_.*Sinh[c_.+d_.*x_]),x_Symbol] :
Unintegrable [ (e+fxx)"m+F [c+d#X] *n+G[c+dxx]~p/ (a+bsSinh[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| & HyperbolicQ[F] && HyperbolicQ[G]

Int[(e_.+F_.#x_) m_.*F_[c_.+d_.*x_]"n_.*G_[c_.+d_.#x_]"p_./(a_+b_.*Cosh[c_.+d_.#x_]),x_Symbol] :

Unintegrable[ (e+fx)~m«F [c+dxXx]*n*G[c+d+Xx]~p/ (a+bxCosh[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x] && HyperbolicQ[F] && HyperbolicQ[G]



Rules for integrands involving hyperbolic functions

(e +fx)"Hyper[c+dx]"
3: J dx when (m|n) ez

a+bSech[c+dx]

Derivation: Algebraic normalization

BaS|S_ 1 .. —Cosh[z]

a+b Sech[z] b+a Cosh[z]

Rule: If (m | n) € Z,then

J~(e+1‘x)"‘Hyper‘[c+dx]" (e+fx)"Cosh[c+dx] Hyper[c+dx]"
dx —>J dx

a+bSech[c+dXx] b +aCosh[c +dx]

Program code:

Int[(e_.+f_.#x_)™m_.«F_[c_.+d_.#x_]"n_./(a_+b_.xSech[c_.+d_.*x_]),x_Symbol] :
Int [ (e+f*x) "mxCosh[c+d*x] *F [c+d*x]~n/ (b+axCosh[c+dxXx]) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && HyperbolicQ[F] & IntegersQ[m,n]

Int[(e_.+f_.#x_) m_.*F_[c_.+d_.*x_]"n_./(a_+b_.xCsch[c_.+d_.*x_]),x_Symbol] :
Int[ (e+fxx) mxSinh[c+d+x]«F[c+d«x]~n/(b+axSinh[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && HyperbolicQ[F] && IntegersQ[m,n]



Rules for integrands involving hyperbolic functions

“

(e + fx)"Hyperl[c +dx]"Hyper2[c +dx]"

dx when (m|n|p) ez
a+bSech[c+dx]

Derivation: Algebraic normalization

BaS|S_ 1 .. —Cosh[z]

a+b Sech[z] b+a Cosh[z]

Rule:If (m | n | p) €Z,then

J~(e+fx)'"Hyper'1[c+dx]"Hyper‘2[c+dx]p (e+fx)"Cosh[c+dx] Hyperl[c +dx]"Hyper2[c +dx]P
dx — J

a+bSech[c+dXx] b +acCosh[c +dx]

Program code:

Int[(e_.+f_.#x_)™m_.«F_[c_.+d_.#x_]"n_.#G_[c_.+d_.*x_]"p_./(a_+b_.xSech[c_.+d_.*x_]),x_Symbol] :
Int [ (e+f*x) mxCosh[c+d*x] *F [c+d*Xx]*n*G[c+d*Xx]p/ (b+axCosh[c+d*Xx]) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && HyperbolicQ[F] && HyperbolicQ[G] & IntegersQ[m,n,p]

Int[(e_.+Ff_.#x_) m_.*F_[c_.+d_.*x_]"n_.*G_[c_.+d_.#x_]"p_./(a_+b_.*Csch[c_.+d_.#x_]),x_Symbol] :
Int [ (e+fxx) mxSinh[c+d+x]«F[c+d+x] n+G[c+d+x]p/ (b+axSinh[c+d*x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && HyperbolicQ[F] && HyperbolicQ[G] & IntegersQ[m,n,p]

dx
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Rules for integrands involving hyperbolic functions

Rules for integrands involving hyperbolic functions

&.JﬁnMa+bemeru+dxﬂdx

1: JSinh[a+bx]"Sinh[c+dx]qd1x when pezZ* A qez

Derivation: Algebraic expansion
Basis: Sinh[v]P Sinh[w]% = o (e +e")P (-e™ + €)1
Rule:lif pe z* A q € Z,then

1
Jsinh [a+bx]PSinh[c+dx]%dx — —— [ (-e %+ )9 ExpandIntegrand[ (e + e***)?, x] ax
2b+q

Program code:

Int[Sinh[a_.+b_.*x_]"p_.*Sinh[c_.+d_.*x_]"q_.,x_Symbol] :=
1/2~ (p+q) *Int [ExpandIntegrand[ (-E~ (-c-d*x) +E~ (c+d*Xx) ) *q, (-E” (-a-bxXx) +E~ (a+b*x) ) *p,x],x] /;
FreeQ[{a,b,c,d,q},x] & & IGtQ[p,0] && Not[IntegerQ[q]]

Int[Cosh[a_.+b_.x*x_]”p_.*Cosh[c_.+d_.*x_]”q_.,x_Symbol] :=
1/2~ (p+q) *Int [ExpandIntegrand[ (E”* (-c-d*Xx) +E” (c+d*X) ) ~q, (E* (-a-b*x) +E” (a+b*Xx) ) *p,x],x] /;
FreeQ[{a,b,c,d,q},x] & & IGtQ[p,0] && Not[IntegerQ[q]]
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Rules for integrands involving hyperbolic functions

2: JSinh[a+bx]"Cosh[c+dx]qd1x when pezZ* A qez

Derivation: Algebraic expansion
Basis: Sinh[v]P Cosh[w]9 == zij (—eV+e")P (eV+e")d
Rule:If pe z* A q € Z,then

1
jsinh [a+bx]PCosh[c+dx]%dx — —— [ (e 9" +e“?¥)% ExpandIntegrand[ (-e™** + e™***)", x] dx
op+q

Program code:

Int[Sinh[a_.+b_.*x_]"p_.*Cosh[c_.+d_.*x_]"q_.,x_Symbol] :=
1/2” (p+q) *Int [ExpandIntegrand[ (E* (-c-d*Xx) +E” (c+d*X) ) ~q, (-E~ (-a-bxx) +E~ (a+b*Xx) ) *p,x],Xx] /;
FreeQ[{a,b,c,d,q},x] && IGtQ[p,0] && Not[IntegerQ[q]]

Int[Cosh[a_.+b_.*x_]"p_.*Sinh[c_.+d_.*x_]"q_.,x_Symbol] :=
1/2” (p+q) *Int [ExpandIntegrand[ (-E”~ (-c-d*x) +E” (c+d*Xx) ) *q, (E* (-a-b*x) +E” (a+b*x) ) *p,x],x] /;
FreeQ[{a,b,c,d,q},x] &% IGtQ[p,0] && Not[IntegerQ[q]]
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Rules for integrands involving hyperbolic functions

3: Jsinh[a +bx] Tanh[c +d x] dx when b? -d? #0

Derivation: Algebraic expansion

P <] __ e e’ e e
Basis:Sinh[v] Tanh[w] == - S~ + &+ “o0 -
. o e Vv ﬂ eV eV

Basis: Cosh [v] Coth[w] == -+ & - =0 - 5

Rule: If b2 -4d2 # 0, then

-a-bx ea+bx e-a-bx ea+bx

e
- + + - dx
2 2 1+ e? (c+d x) 1+ @2 (c+d x)

jsinh[a+bx] Tanh[c +d x] dx — j(

Program code:
Int[Sinh[a_.+b_.*x_]Tanh[c_.+d_.*x_],x_Symbol] :=
Int[-E~ (- (a+bxXx)) /2 + E~(a+bxx) /2 + E~(-(a+bxx))/ (1+E” (2% (c+d*x))) - E~(a+b*x)/ (1+E” (2% (c+dxXx))),x] /;

FreeQ[{a,b,c,d},x] && NeQ[b”2-d"2,0]

Int[Cosh[a_.+b_.*x_]*Coth[c_.+d_.*x_],x_Symbol] :=
Int[E” (- (a+bxx)) /2 + E~(a+bxx)/2 - E~(-(a+bxx))/ (1-E~(2* (c+dxx))) - E~(a+bxx)/ (1-E~ (2% (c+d*xXx))),x] /;
FreeQ[{a,b,c,d},x] && NeQ[b”2-d"2,0]

4: Jsinh[a +bx] Coth[c +dx] dx when b%2-d?#0

Derivation: Algebraic expansion

Basis: Sinh[v] Coth[w] = - ‘e; + % + 16(:” - 1<eev2w
. L (e,v g (er eV
Basis: Cosh[v] Tanh[w] == 2 Ty T Tt T Tierw

Rule: If b2-4d2 # 0, then
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Rules for integrands involving hyperbolic functions

-a-bx ea+bx e—a—bx ea+bx

e
Jsinh[a+bx] Coth[c+dx] dx — J - + + - dx
2 2 1- <EZ (c+d x) 1- ez (c+d x)

Program code:

Int[Sinh[a_.+b_.xx_]*Coth[c_.+d_.*x_],x_Symbol] :=
Int[-E~ (- (a+bxx)) /2 + E~(a+bxx) /2 + E (- (a+bxx))/ (1-E~ (2% (c+d%x))) - E~(a+bx)/ (1-E~ (2% (c+d#x))),x] /;
FreeQ[{a,b,c,d},x] && NeQ[b”2-d"2,0]

Int[Cosh[a_.+b_.x*x_]*Tanh[c_.+d_.*x_],x_Symbol] :=
Int[E~ (- (a+bxx)) /2 + E~(a+bxx) /2 - E~(-(a+b#x))/ (1+E~ (2% (c+dxx))) - E~(a+bxx)/ (1+E~ (2% (c+dxx))),x] /;
FreeQ[{a,b,c,d},x] && NeQ[b”2-d"2,0]

a n
1: Jsinh[ ] dx when nez*
c+dx

Derivation: Integration by substitution

Basis: F | —2— | ::—§Subst[F—;‘%L,x, L] o) 2

c+dx c+dx X cidx

Rule: If n € Z*, then

c+dx]

. a n 1 Sinh[a x]"
Slnh[ ] dx — ——Subst[ — dx, X,
c+dx d x2

Program code:

Int[Sinh[a_./(c_.+d_.*x_)]"n_.,x_Symbol] :=
-1/d+Subst [Int[Sinh[asx]*n/x"2,x],X,1/ (c+d*x)] /;
FreeQ[{a,c,d},x] && IGtQ[n,0]

Int[Cosh[a_./(c_.+d_.*x_)]1”n_.,x_Symbol] :=
-1/d%Subst [Int[Cosh[a*xx]”*n/x"2,x],X,1/ (c+d*x)] /;
FreeQ[{a,c,d},x] && IGtQ[n,0]
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Rules for integrands involving hyperbolic functions

a+bxqn
2. Jsinh[ ] dx when nez*
c+dx

a+bxqn
1: Jsinh[ ] dx whennezZ*A bc-ad#0
c+dx

Derivation: Integration by substitution

b (bc-ad) x
. plasbx] o 1 Fla-g] 1 1
Basis: F [ c+d x } o Subst [ NG s X5 Tax Ox c+d x

Rule:lf nez* A bc-ad # 0,then

(bc-ad) x
d

i

: b
Sinh[a+bx]nd1x — -ESubst[ smh[d
c+dx d

Program code:

Int[Sinh[e_.x(a_.+b_.*x_)/(c_.+d_.*x_)]~n_.,x_Symbol] :=
-1/d#Subst [Int [Sinh[bxe/d-ex (bxc-axd) xx/d]*n/x"2,x],X,1/ (c+d*x) ]| /;
FreeQ[{a,b,c,d},x] && IGtQ[n,0] &% NeQ[bxc-axd,0]

Int[Cosh[e_.x(a_.+b_.*x_)/(c_.+d_.*x_)]1”n_.,x_Symbol] :=
-1/d*Subst[Int[Cosh[bxe/d-e* (bxc-axd) *x/d]*n/x"2,x],x,1/ (c+d*x)] /;
FreeQ[{a,b,c,d},x] && IGtQ[n,0] && NeQ[bxc-axd,0]

x2

dx,
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Rules for integrands involving hyperbolic functions

2: JSinh[u]“dlx when nez* A u == 22X

c+d x

Derivation: Algebraic normalization

Rule:If n e z* A u == 22X then
c+d x

a+bx

n
JSinh[u]"dlx — [sinn] | ax
c+dx

Program code:

Int[Sinh[u_]”n_.,x_Symbol] :=
With[{lst=QuotientOfLinearsParts[u,x]},
Int[Sinh[ (1st[[1]]+1st[[2]]%x)/(1st[[3]]+1st[[4]]%x)]*n,x]] /;
IGtQ[n,0] && QuotientOfLinearsQ[u,Xx]

Int[Cosh[u_]”n_.,x_Symbol] :=
With[{lst=QuotientOfLinearsParts[u,x]},
Int[Cosh[ (1st[[1]]+1st[[2]]*x)/ (1st[[3]]+1st[[4]]=*X)]”n,x] ] /3
IGtQ[n,0] && QuotientOfLinearsQ[u,X]
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Rules for integrands involving hyperbolic functions

3. |uSinh[v]P Hyper[w]%dx
1. |uSinh[v]P Sinh[w]%dx

1: |uSinh[v]P Sinh[w]%9dx when w==v

Derivation: Algebraic simplification

Rule: If w = v, then

Program code:

Ju Sinh[v]P Sinh[w]9dx — |[uSinh[v]P*9dXx



Rules for integrands involving hyperbolic functions

2: |Sinh[v]PSinh[w]%dx whenpez* A qez*

Derivation: Algebraic expansion
Rule:lf pe Z* A q € Z",then

Jsinh [v]PSinh[w]9dx — JTr‘igReduce [Sinh[v]P sinh[w]%] dx

Program code:
Int[Sinh[v_]~p_.*Sinh[w_]~q_.,x_Symbol] :=

Int[ExpandTrigReduce[Sinh[v]~pxSinh[w]~q,x],x] /;
IGtQ[p,0] && IGtQ[q,0] && (PolynomialQ[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x])

Int[Cosh[v_]”p_.*Cosh[w_]"q_.,x_Symbol] :=

Int[ExpandTrigReduce[Cosh[v]~pxCosh[w]~q,x],X] /;
IGtQ[p,0] && IGtQ[q,0] && (PolynomialQ[v,x] &_& PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x])

3: jx’" Sinh[v]P Sinh[w]9dx whenmeZ* A peZ* A qez*

Derivation: Algebraic expansion
Rule:lf mez* A pez* A qez*, then

Jxm Sinh[v]® Sinh[w]%dx — |x"TrigReduce[Sinh[v]P Sinh[w]9] dx

Program code:

Int[x_"m_.xSinh[v_]~p_.*Sinh[w_]"q_.,x_Symbol] :=
Int[ExpandTrigReduce[x*m,Sinh[v]~p*Sinh[w]~q,x],x] /;

IGtQ[m,0] && IGtQ[p,0] && IGtQ[q,0] && (PolynomialQ[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x])
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Rules for integrands involving hyperbolic functions
Int[x_~m_.+Cosh[v_]”p_.+*Cosh[w_]"q_.,x_Symbol] :=

Int[ExpandTrigReduce [x*m,Cosh[v]~p*Cosh[w]"q,x],x] /;
IGtQ[m,0] && IGtQ[p,0] && IGtQ[q,0] &% (Polynomialo_[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x])

2. ju Sinh[v]P Cosh[w]9dx

1: Ju Sinh[v]P Cosh[w]Pdx whenw=Vv A peZ

Derivation: Algebraic simplification
Basis: Sinh[z] Cosh[z] == 1 Sinh[2 z]
Rule:If w==v A p € Z,then

1
Ju Sinh[v]P Cosh[w]Pdx — —Ju Sinh[2v]P dx
2P

Program code:

Int[u_.+Sinh[v_]~p_.*Cosh[w_]"p_.,x_Symbol] :=
1/27p»Int[u*Sinh[2xv]"p,x]| /;
EqQ[w,Vv] && IntegerQ[p]

28



Rules for integrands involving hyperbolic functions

2: |Sinh[v]P Cosh[w]%dx whenpez* A qez*

Derivation: Algebraic expansion
Rule:lfp e z* A q € z*, then

Jsinh [vlP Cosh[w]9dx — [ TrigReduce [Sinh [v]P Cosh [w]q] dx

Program code:
Int[Sinh[v_]"p_.*Cosh[w_]"q_.,x_Symbol] :=

Int[ExpandTrigReduce[Sinh[v]~pxCosh[w]~q,x],x] /;
IGtQ[p,0] && IGtQ[q,0] && (PolynomialQ[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x])

3: | x"Sinh[v]P? Cosh[w]%dx whenmeZ* A pez* A qeZ*

Derivation: Algebraic expansion
Rule:lfmez* AN pezZ* A qeZ',then

Jx"‘ Sinh[v]P Cosh[w]9dx — [x" TrigReduce [Sinh [v]P Cosh[w] q] dx

Program code:

Int[x_"m_.*Sinh[v_]~p_.*Cosh[w_]~q_.,x_Symbol] :=
Int[ExpandTrigReduce[x*m,Sinh[v]~pxCosh[w]"q,x],x] /;
IGtQ[m,0] && IGtQ[p,0] && IGtQ[q,0] && (Polynomialo_[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x])
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Rules for integrands involving hyperbolic functions

3. Ju Sinh[v]P Tanh[w]9 dx

1: |Sinh[v] Tanh[w]"dx when n>@ A W#V A X¢V-W

Derivation: Algebraic expansion

Basis: Sinh[v] Tanh[w] == Cosh[v] - Cosh[v -w] Sech[w]
Basis: Cosh[v] Coth[w] == Sinh[v] + Cosh[v - w] Csch[w]
Rule:lf n>0 Aw+Vv A Xé¢&vV-w,then

Jsinh [v] Tanh[w]"dx — |Cosh[v] Tanh[w]"'dx - Cosh[v-w] |Sech[w] Tanh[w]"*dx

Program code:

Int[Sinh[v_]Tanh[w_]~n_.,x_Symbol] :=
Int[Cosh[v]*Tanh[w]”(n-1) ,x] - Cosh[v-w]*Int[Sech[w]*Tanh[w]”(n-1),x] /;
GtQ[n,0] &&% NeQ[w,v] && FreeQ[v-w,X]

Int[Cosh[v_]*Coth[w_]”n_.,x_Symbol] :=
Int[Sinh[v]*Coth[w]~(n-1),x] + Cosh[v-w]*Int[Csch[w]«Coth[w]"(n-1),x] /;
GtQ[n,0] && NeQ[w,v] && FreeQ[v-w,X]
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Rules for integrands involving hyperbolic functions

4. Ju Sinh[v]P Coth[w]9dx

1: | Sinh[v] Coth[w]"dx when n>@ A W#V A X¢V-W

Derivation: Algebraic expansion

Basis: Sinh[v] Coth[w] == Cosh[v] + Sinh[v -w] Csch[w]
Basis: Cosh[v] Tanh[w] == Sinh[v] - Sinh[v - w] Sech[w]
Rule:lf n>0 Aw+Vv A Xé¢&vV-w,then

Jsinh [v] Coth[w]"dx — |Cosh[v] Coth[w]™'dx +Sinh[v-w] |Csch[w] Coth[w]"!dXx

Program code:

Int[Sinh[v_]*Coth[w_]~n_.,x_Symbol] :=
Int[Cosh[v]xCoth[w]~(n-1),x] + Sinh[v-w]*Int[Csch[w]*Coth[w]”(n-1),x] /;
GtQ[n,0] &&% NeQ[w,v] && FreeQ[v-w,X]

Int[Cosh[v_]*Tanh[w_]”n_.,x_Symbol] :=
Int[Sinh[v]*Tanh[w]~(n-1),x] - Sinh[v-w]*Int[Sech[w]+Tanh[w]"(n-1),x] /;
GtQ[n,0] && NeQ[w,v] && FreeQ[v-w,X]
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Rules for integrands involving hyperbolic functions

5. Ju Sinh[v]P Sech[w]9dx

1: | Sinh[v] Sech[w]"dx when n>@ A W#V A X¢V-W

Derivation: Algebraic expansion

Basis: Sinh[v] Sech[w] == Cosh[v -w] Tanh[w] + Sinh[Vv - W]
Basis: Cosh[v] xCsch[w] == Cosh[v -w] «Coth[w] + Sinh[Vv - w]
Rule:lf n>0 Aw+Vv A Xé¢&vV-w,then

jsinh [v] Sech[w]"dx — Cosh[v-w] |Tanh[w] Sech[w]"1dx + Sinh[v - w] JSech w1t dx

Program code:

Int[Sinh[v_]*Sech[w_]~n_.,x_Symbol] :=
Cosh[v-w] *Int[Tanh[w] *Sech[w]” (n-1),x] + Sinh[v-w]*Int[Sech[w]”(n-1),x] /;
GtQ[n,0] &&% NeQ[w,v] && FreeQ[v-w,X]

Int[Cosh[v_]*Csch[w_]”n_.,x_Symbol] :=
Cosh[v-w] *Int[Coth[w] *Csch[w]” (n-1),x] + Sinh[v-w]*Int[Csch[w]”(n-1),x] /;
GtQ[n,0] &&% NeQ[w,v] && FreeQ[v-w,X]
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Rules for integrands involving hyperbolic functions

6. Ju Sinh[v]P Csch[w]9dx

1: | Sinh[v] Csch[w]"dx when n>@ A W#V A X¢V-W

Derivation: Algebraic expansion

Basis: Sinh[v] Csch[w] == Sinh[v -w] Coth[w] + Cosh[V - w]
Basis: Cosh[v] Sech[w] == Sinh[v -w] Tanh[w] + Cosh[Vv - w]
Rule:lf n>0 Aw+Vv A Xé¢&vV-w,then

jsinh [v] Csch[w]"dx — Sinh[v-w] |Coth[w] Csch[w]"1dx + Cosh[v - w] JCsch w1t dx

Program code:

Int[Sinh[v_]*Csch[w_]~n_.,x_Symbol] :=
Sinh[v-w] *Int[Coth[w] *Csch[w]” (n-1),x] + Cosh[v-w]*Int[Csch[w]”(n-1),x] /;
GtQ[n,0] &&% NeQ[w,v] && FreeQ[v-w,X]

Int[Cosh[v_]*Sech[w_]”n_.,x_Symbol] :=
Sinh[v-w] *Int [Tanh[w] *Sech[w] " (n-1) ,x] + Cosh[v-w]*Int[Sech[w]”(n-1),x] /;
GtQ[n,0] &&% NeQ[w,v] && FreeQ[v-w,X]
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Rules for integrands involving hyperbolic functions

4: J(e+fx)"' (a+bsSinh[c+dx] Cosh[c+dx])"dx

Derivation: Algebraic simplification
Basis: Sinh[z] Cosh[z] == 1 Sinh[2 z]
Rule:

m . n m 1 .
J(e+fx) (a+bSinh[c+dx] Cosh[c+dx]) dlx—»f(erFx) (a+—b51nh[2c+2dx]
2

Program code:

Int[(e_.+f_.#x_)"m_.#(a_+b_.#«Sinh[c_.+d_.*x_]#Cosh[c_.+d_.*x_])"*n_.,x_Symbol]| :=
Int [ (e+'F*x) Amx (a+b*S:i.nh [2*c+2*d*x]/2) "n,x] /38
FreeQ[{a,b,c,d,e,f,m,n},x]

n

dx
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Rules for integrands involving hyperbolic functions

5: Jx'" (a+bsinh[c+dx]?)"dx whena-b#@ Amez* A nez"

Derivation: Algebraic simplification

Basis: Sinh[z]? == (-1 + Cosh[22])

Basis: Cosh[z]? == (1 +Cosh[22])

Note: This rule should be replaced with rules that directly reduce the integrand rather than transforming it using
hyperbolic power expansion!

Rule:lf a-b+0@ AmeZ"A nez,then

1
J}m(a+bshm[c+dx]ﬂ"dx-a — |x"(2a-b+bCosh[2c+2dx])"dx

2"

Program code:

Int[x_"m_.(a_+b_.xSinh[c_.+d_.*x_]~2)"n_,x_Symbol] :=
1/27nxInt [ X m% (2xa-b+bxCosh[2xc+2xdxx])*n,x] /;
FreeQ[{a,b,c,d},x] && NeQ[a-b,0] && IGtQ[m,0] && ILtQ[n,0] &% (EqQ[n,-1] || EqQ[m,1] && EgQ[n,-2])

Int[x_"m_.*(a_+b_.xCosh[c_.+d_.*x_]"2)”n_,x_Symbol] :=
1/27nxInt [ X m% (2xa+b+bxCosh[2xc+2xdxx])*n,x] /;
FreeQ[{a,b,c,d},x] && NeQ[a-b,0] && IGtQ[m,0] && ILtQ[n,0] &% (EqQ[n,-1] || EqQ[m,1] && EgQ[n,-2])
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Rules for integrands involving hyperbolic functions

(f+gx)m
6:-[
a+bCosh[d+ex]?+cSinh[d+ex]?

dx whenmezZ*A a+b#® A a+c+0

Derivation: Algebraic simplification

Basis:a + bCosh[z]2 + ¢ Sinh[z]? == % (2a+b-c+ (b+c) Cosh[22z])

Rule:lf mez*A a+b+0 A a+c+0,then

J- (Frgx)" d]X_,zj. (F+gx)" N

a+bCosh[d+ex]?+cSinh[d+ex]? 2a+b-c+ (b+c) Cosh[2d+2eXx]

Program code:

Int[(f_.+g_.#x_)*m_./(a_.+b_.«Cosh[d_.+e_.«x_]"2+c_.+Sinh[d_.+e_.*x_]"2),x_Symbol] :=
2+Int[ (f+g*x) Am/ (2xa+b-c+ (b+c) xCosh [2xd+2xexxX]) x| /3
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[m,0] & NeQ[a+b,0] & NeQ[a+c,0]

Int[(f_.+g_.#x_)~m_.+Sech[d_.+e_.#x_]~2/(b_+c_.xTanh[d_.+e_.*x_]"2),x_Symbol] :=
2+Int [ (f+gsx) m/ (b-c+ (b+c) xCosh[2xd+2xexx]),x]| /;
FreeQ[{b,c,d,e,f,g},x] && IGtQ[m,0]

Int[(f_.+g_.#x_)~m_.«Sech[d_.+e_.xx_]"2/(b_.+a_.#Sech[d_.+e_.+x_]"2+c_.xTanh[d_.+e_.*x_]"2),x_Symbol] :=
2xInt [ ('F+g*x) "m/(z*a+b-c+ (b+c) xCosh[2xd+2xexX]) ,x] /8
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[m,0] & NeQ[a+b,0] & NeQ[a+c,0]

Int[(f_.+g_.#x_) m_.*Csch[d_.+e_.*x_]~2/(c_+b_.xCoth[d_.+e_.xx_]"2),x_Symbol] :=
2+Int [ (f+gsx) m/ (b-c+ (b+c) xCosh[2xd+2xexx]),x]| /;
FreeQ[{b,c,d,e,f,g},x] && IGtQ[m,0]

Int[(f_.+g_.#x_) m_.*Csch[d_.+e_.*x_]"2/(c_.+b_.«Coth[d_.+e_.*x_]"2+a_.*Csch[d_.+e_.xx_]"2),x_Symbol]| :=
2+Int [ (f+gsx) m/ (2+a+b-c+ (b+c) xCosh[2xd+2xexx]),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[m,0] & NeQ[a+b,0] & NeQ[a+c,0]



Rules for integrands involving hyperbolic functions

) (A+BSinh[c+dXx])
dx when aA+bB=-90

e+fx
7 [
a+b51nh[c+dx])

Derivation: Integration by parts

Basis:

|f a A + b B -- @ then (A+BSinh[c+dx]) __ 3, B Cosh[c+d x]

(a+b Sinh[c+d x])?

Rule:If a A +b B == 9, then

X —

(e+fx) (A+BSinh[c+dx])
d
J (a+bSinh[c+dx])2

Program code:

Int[ (e

o +‘F_.*X_) * (A_+B_.*Sinh [c_.+d_.*x_] )/(a_+b_. *Sinh[c_

Bx (e+fxx) «Cosh[c+d«x]/(axdx (a+bxSinh[c+dxx])) -
B+f/ (axd) +Int[Cosh[c+dxx]/(a+bxSinh[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f,A,B},x| & EqQ[a*A+bxB,0]

Int[ (e

Lo +‘F_.*X_) * (A_+B_.xCosh[c_.+d_.*x_])/ (a_+b_.*Cosh[c_

Bx (e+'F*x) *Sinh [c+d*x]/(a*d* (a+bxCosh[c+d*x])) -
Bxf/(axd) +Int[Sinh[c+dxx]/(a+bxCosh[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f,A,B},x| && EqQ[a*A-bxB,0]

ad (a+bSinh[c+d x])

B (e+fx) Cosh[c+dXx]

ad (a+bSinh[c+dx])

.+d_.#x_])"2,x_Symbol] :

.+d_.#x_])"2,x_Symbol] :

Bf

ad

J

Cosh[c +dx]

a+bSinh[c +dx]

dx
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Rules for integrands involving hyperbolic functions

8: J(e+fx)msinh[a+b (c+dx)"]°dx whenmez* A peQ@

Derivation: Integration by linear substitution
Rule:lf me z* A p € Q, then

1
J(e+fx)msinh[a+b (c+dx)"]”d1x — w‘TSubst[J(de—c-F+-Fx)'"Sinh[a+bx"]pd1x, X, c+dx]

Program code:

Int[(e_.+f_.#x_)"m_.+Sinh[a_.+b_.#(c_+d_.#x_)~n_]"p_.,x_Symbol] :=
1/d~ (m+1) »Subst [Int [ (dxe-cxf+fxx) "mxSinh[a+bxx*n]"p,x],x,c+d*x] /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & RationalQ[p]

Int[(e_.+f_.#x_)~m_.xCosh[a_.+b_.*(c_+d_.#x_)~n_]"p_.,x_Symbol] :=
1/d" (m+1) xSubst [Int[ (dxe-cxf+fxx) "mxCosh[a+bxx"n]"p,x],x,c+dxx] /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & RationalQ[p]
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Rules for integrands involving hyperbolic functions

9: JSech[v]"‘ (a+bTanh[v])"dx when "';—1ez Am+n=0

Derivation: Algebraic simplification

Basis: :2120002L —- 3 Cosh[z] + b Sinh[z]
ech[z]

Rule: If % €Z A m+n = 0,then

JSech [vl™ (a+bTanh[v])"dx — J(a Cosh[v] +bSinh[v]) "dx

Program code:

Int[Sech[v_]”m_.x(a_+b_.xTanh[v_])”~n_.,x_Symbol] :
Int[ (axCosh[v]+b#Sinh[v])~n,x] /;
FreeQ[{a,b},x] && IntegerQ[ (m-1)/2] && EqQ[m+n,0]

Int[Csch[v_]”m_.x(a_+b_.xCoth[v_])”n_.,x_Symbol] :
Int[ (bxCosh[v]+axSinh[v])~n,x] /;
FreeQ[{a,b},x] && IntegerQ[ (m-1)/2] && EqQ[m+n,0]
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Rules for integrands involving hyperbolic functions

10: Jusinh[a+bx]’“Sinh[c+dx]"dlx whenmez*A nez*

Derivation: Algebraic expansion
Rule:lif me z* A n e Z*, then

Ju Sinh[a +bx]"Sinh[c +d x]"dx — Ju TrigReduce[Sinh[a +bx]"Sinh[c +dx]"] dx

Program code:

Int[u_.+Sinh[a_.+b_.#x_]"m_.*Sinh[c_.+d_.*x_]*n_.,x_Symbol] :
Int[ExpandTrigReduce[u,Sinh[a+bxx] m«Sinh[c+d*x]"n,x],x] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0] &&% IGtQ[n,0]

Int[u_.*Cosh[a_.+b_.*x_]”m_.%Cosh[c_.+d_.*x_]1”n_.,x_Symbol]
Int [ExpandTrigReduce [u,Cosh[a+b%x] mxCosh[c+dxx]”n,Xx] ,x] /5
FreeQ[{a,b,c,d},x] && IGtQ[m,0] && IGtQ[n,0]
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Rules for integrands involving hyperbolic functions

11: JSech[a+bx] Sech[c+dx] dx whenb?-d>==0 A bc-ad#0

Derivation: Algebraic expansion

Basis: If b>-d?>==0 A bc-ad +0,then

Sech[a +bx] Sech[c+dx] == —Csch{

Rule:1f b>-d?==0 A bc-ad # 0,then

J-Sech[a +bx] Sech[c +dx] dx — -Csch[

Program code:

Int[Sech[a_.+b_.*x_]*Sech[c_+d_.*x_],x_Symbol]

bc-ad
d

} Tanh[a + b x] +Csch[

bc-
d

-Csch[ (bxc-a%d) /d] *Int[Tanh[a+bxx],x] + Csch[ (bxc-a%d) /b]*Int[Tanh[c+dxx],x] /;
FreeQ[{a,b,c,d},x] && EqQ[b”2-d"2,0] && NeQ[bxc-axd,0]

Int[Csch[a_.+b_.*x_]*Csch[c_+d_.*x_],x_Symbol] :

Csch[ (bxc-axd) /b] *Int[Coth[a+bxXx],Xx] - Csch[ (bxc-axd)/d]*Int[Coth[c+d*x],x] /;
FreeQ[{a,b,c,d},x] && EqQ[b”2-d"2,0] && NeQ[bxc-axd,0]

d
] jTanh[a +bx] dx + Csch[

bc-ad
b

b

bc-a

} Tanh[c +d x]

d
] JTanh[c +dx] dx
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Rules for integrands involving hyperbolic functions

12: | Tanh[a + bx] Tanh[c + d x] dx when

bz—d2==0/\bc—ad¢0

Derivation: Algebraic expansion

Basis: If b% — d? == 9, then

Tanh[a+bx] Tanh[c+dx] = 2 -

Rule:l1f b>-d?==0 A bc-ad #0,then

bx b
JTanh[a+bx] Tanh[c +d x] dx — T_ECOSh[

Program code:

Int[Tanh[a_.+b_.*x_]*Tanh[c_+d_.*x_],x_Symbol] :=
bxx/d - b/dxCosh[ (bxc-axd) /d] *Int[Sech[a+bxx]*Sech[c+dxx],x] /;
FreeQ[{a,b,c,d},x] && EqQ[b”2-d*2,0] && NeQ[bxc-axd,0]

Int[Coth[a_.+b_.#*x_]*Coth[c_+d_.*x_],x_Symbol] :=
bxx/d + Cosh[ (bxc-axd) /d]*Int[Csch[a+bxx]*Csch[c+d*x],x] /;
FreeQ[{a,b,c,d},x] && EqQ[b”2-d*2,0] && NeQ[bxc-axd,0]

Q.

& Cosh| 224 ] sech[a+bx] Sech[c+dx]

d
] JSech[a +bx] Sech[c +dx] dx
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Rules for integrands involving hyperbolic functions

13: Ju (acCosh[v] +bsinh[v])"dx when a* - b? =0

Derivation: Algebraic simplification
Basis: If a2 - b2 - @,thena Cosh[z] + bSinh[z] —=ae®
Rule: If a? - b? == 9, then

Ju (acCosh[v] +bsSinh[v])"dx — Ju (

Program code:

Int[u_.+(a_.«Cosh[v_]+b_.*Sinh[v_])~n_.,x_Symbol] :=
Int[ux (axE~(a/bxv))”*n,x] /;
FreeQ[{a,b,n},x] && EqQ[a”2-b"2,0]

av

aev

n
)dlx
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Rules for integrands involving hyperbolic functions

14. Ju sin[d (a+blog|c x“])z] dx

1: [sinh[d (a+bLog[c x"])z] dx

Derivation: Algebraic expansion

Basis: Sinh[z] = - & +
Rule:

JBMhH(a+nghxﬂ)qu-a %J@“@w“ﬁuqfdx+

Program code:

Int[Sinh[d_.x(a_.+b_.*Log[c_.*x_"n_.])"2],x_Symbol] :=
-1/2x%Int[E~ (-d* (a+bxLog[c*x*n])~2) ,x] + 1/2xInt[E~(d* (a+bxLog[cxx"n])"2),x] /;
FreeQ[{a,b,c,d,n},x]

Int[Cosh[d_.x(a_.+b_.xLog[c_.*x_"n_.])"2],x_Symbol] :=
1/2%Int[E~ (-d* (a+bxLog[cxx*n])~2) ,x] + 1/2xInt[E~(d* (a+bxLog[cxx*n])"2),x] /;
FreeQ[{a,b,c,d,n},x]

1

2

Jed (a+b Log[c x"])? dx
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Rules for integrands involving hyperbolic functions

2: J}ex)mshm[d(a+blog[qu)z]dx

Derivation: Algebraic expansion

Basis: Sinh[z] = - & +
Rule:

1 n 2 1 n 2
J(e x)"Sinh[d (a+blog|c x"])z] dx — - J(e x)"ed (asbrog[ex])® gy | —J(e x) ™ ed (asbtog[ex"])® gy
2 2

Program code:

Int[(e_.*x_)"m_.*Sinh[d_.x(a_.+b_.xLog[c_.#x_"n_.])"2],x_Symbol] :=
-1/2%Int[ (exx) “m#E~ (-d* (a+b*Log[c*x~n])~2) ,x] + 1/2+Int[ (exx)” m*E~ (dx (a+bxLog[c+x"n])~2),x] /;
FreeQ[{a,b,c,d,e,m,n},x]

Int[(e_.*x_)”"m_.xCosh[d_.*(a_.+b_.xLog[c_.*x_"n_.])"2],x_Symbol] :=
1/2+Int[ (exx)m*E~ (-d* (a+bxLog[c*x”n])"2),x] + 1/2xInt[ (exx)” m*E~ (d* (a+bxLog[c*x~n])"2),x] /;
FreeQ[{a,b,c,d,e,m,n},x]
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